Abstract. Let F be a global field of characteristic p > 0, F /F a Galois extension with Gal(F /F ) ≃ Z d l (for some prime l = p) and E/F a non-isotrivial elliptic curve. We study the behaviour of Selmer groups Sel E (L) r (r any prime) as L varies through the subextensions of F via appropriate versions of Mazur's Control Theorem. With mild hypotheses on Sel E (F ) r (essentially a consequence of the Birch and Swinnerton-Dyer conjecture) we prove that Sel E (F ) r is a cofinitely generated (in some cases cotorsion) Z r [[Gal(F /F )]]-module.
Introduction
Let F be a global function field of trascendence degree 1 over its constant field F q , q a power of a prime p. Let E/F be a non isotrivial elliptic curve (i.e., j(E) / ∈ F q ) and assume that E has good or split multiplicative reduction at all primes of F (it is always possible to reduce to this situation by simply taking a finite extension of F ). Let F /F be a Z d l -extension of F , with l a prime different from p (the case l = p has been developed in [2] ), with Galois group Γ and denote by Λ d := Z l [[Γ] ] the associated Iwasawa algebra.
In section 2 we will define the r-part (r any prime) of the Selmer group of E, Sel E (L) r , for any algebraic extension L of F . Our goal is to study the structure of Sel E (F ) r (actually of its Pontrjagin dual) as a Z r [[Γ]]-module, a problem which, as well known, is strictly related to the behaviour of the rank of E in any infinite tower of finite subextensions of F /F . Similar, and more general, questions have been discussed for example in [6] from a slightly different (more geometric) viewpoint using formulas on Euler characteristic for Λ d -modules which where introduced and proved in [9] .
The most interesting case happens to be r = l. Let S be the Pontrjagin dual of Sel E (F ) l : then, in section 4, we shall prove the following Theorem 1.1. Assume that Sel E (F ) l is a cofinitely generated Z lmodule. Then S is a finitely generated Λ d -module. Moreover if Sel E (F ) l is finite then S is Λ d -torsion. Remark 1.2. The hypothesis on Sel E (F ) l is an immediate consequence of the Birch and Swinnerton-Dyer conjecture (for some evidence see [5] and [16] ). Moreover, according to that conjecture, Sel E (F ) l is finite if and only if rank E(F ) = 0.
The main tools for the proof are appropriate versions of Mazur's Control Theorem (originally proved in [11] ; for a different approach, closer to ours, see [7] and [8] ), which we prove in section 4 as well, and Theorem 3.6, a generalization of Nakayama's Lemma which has been proved in [1] .
Moreover we can prove a version of the control theorem for Sel E (F ) r for r = l as well, but, unfortunately, Sel E (F ) r is a module over Z r [[Γ] ], a ring which we know very little about. Nevertheless we can say something on the structure of Sel E (F ) r and we gathered the results on that module in section 5.
2. The setting and the Selmer groups 2.1. Notations. We list some notations which will be used throughout the paper and briefly describe the setting in which the theory will be developed.
2.1.1. Fields. Let L be a field: then L sep will denote a separable algebraic closure of L and we put
. Moreover L will denote an algebraic closure of L and L ab the maximal abelian extension. If L is a global field (or an algebraic extension of such), M L will be its set of places. For any place v ∈ M L we let L v be the completion of L at v, O v the ring of integers of L v , m v the maximal ideal of O v , ord v be the valuation associated to v and L v := O v /m v the residue field. As usual, µ n denotes the group of n-th roots of 1.
As stated in the introduction, we fix a global function field F of characteristic p > 0 and an algebraic closure F . For any place v ∈ M F we choose F v and an embedding F ֒→ F v , so to get a corresponding inclusion G Fv ֒→ G F . All algebraic extensions of F (resp. of F v ) will be assumed to be contained in F (resp. in F v ). Script letters will denote infinite extensions of F ; in particular F /F will be a Z d l -extension with l a fixed prime different from p. We shall consider a sequence of finite extensions of F such that
In this setting we let Γ := Gal(F /F ) and Γ n := Gal(F /F n ) (for any n ≥ 0).
For γ an element in a profinite group, < γ > will denote the closed subgroup topologically generated by γ.
Elliptic curves.
We fix an elliptic curve E/F , non-isotrivial and having split multiplicative reduction at all places supporting its conductor. The reader is reminded that then at such places E is isomorphic to a Tate curve, i.e. E(
For any positive integer n let E[n] be the scheme of n-torsion points. Moreover, for any prime r, let
For any v ∈ M F we choose a minimal Weierstrass equation for E. Let E v be the reduction of E modulo v and for any point P ∈ E let P v be its image in
In case of bad reduction T v is the group of components of the special fibre and our hypothesis implies that its order is −ord v (j(E)) (see e.g. [15, IV.9.2] ). For all basic facts about elliptic curves, the reader is referred to Silverman's books [14] and [15] .
2.1.3. Duals. For X a topological abelian group, we denote its Pontrjagin dual by X ∨ := Hom cont (X, C * ). In the cases considered in this paper, X will be a (mostly discrete) topological Z r -module for some prime r, so that X ∨ = Hom cont (X, Q r /Z r ) and it has a natural structure of Z r -module. The reader is reminded that to say that an R-module X (R any ring) is cofinitely generated means that X ∨ is a finitely generated R-module. Since (X ∨ ) ∨ ≃ X, a module X is Z l -cofinitely generated if and only if it is the direct sum of a finite (l-primary) abelian group with (Q l /Z l ) t for some t ∈ N; in particular, letting X div be the divisible part of X, we see that X/X div is finite.
2.2. Selmer groups. We shall deal with torsion subschemes of the elliptic curve E. Since char F = p, in order to deal with the p-torsion we need to consider flat cohomology of group schemes to define the Selmer groups in that case. For the basic theory of sites and cohomology on a site see [12, Chapters II, III]. We define our Selmer groups via flat cohomology (for the relation with classical Galois cohomology see Remark 2.2) so, when we write a scheme X, we always mean the site X f l .
Let L be an algebraic extension of F and X L := Spec L. For any positive integer m the group schemes E[m] and E define sheaves on
−→ →E and take flat cohomology to get
In particular let m run through the powers r n of a prime r. Taking direct limits one gets an injective map (a "Kummer homomorphism")
As above one can build local Kummer maps for any place
where
where the map is the product of the natural restrictions between cohomology groups.
The reader is reminded that the Tate-Shafarevich group X(E/L) fits into the exact sequence
According to the function field version of the Birch and SwinnertonDyer conjecture, X(E/L) is finite for any finite extension L of F . Applying to this last sequence the exact functor Hom(·, Q r /Z r ), it follows that
) (recall that the cohomology groups, hence the Selmer groups, are endowed with the discrete topology).
Fix a Z d l -extension F /F with l a prime different from p. We will study the behaviour of the r-Selmer groups while L varies through the subextensions F n of F /F . Such groups admit natural actions by Z r , because of the torsion of E, and by Γ = Gal(F /F ). Hence they are modules over the Iwasawa algebra Z r [[Γ]]. When r = l such algebra is (noncanonically) isomorphic to the ring of formal power series
] is more mysterious and we know virtually nothing about its structure). In particular we will be concerned with the natural maps between
and classical Galois (=étale) cohomology since, in this case,
(see [12, III.3.9] ). To ease notations in this case we shall write
. In this case the Kummer map
has an explicit description as follows
Auxiliary lemmas
We gather here the results which are needed for the proofs of the main theorems. We shall use the same techniques of [2] with very little changes: some of the following lemmas already appear in that paper (sections 3 and 4) and the reader may refer to it for detailed proofs.
We start by giving a more precise description of Im κ v (following the path traced by Greenberg in [7] and [8] ). In our situation the local conditions for the Selmer groups are easily seen to be often trivial (i.e., Im κ v = 0 in general), a fact which is essentially due to r = char F . Proof. We consider two cases according to the reduction type of E mod v.
, hence a sequence of maps
where F v is an algebraic closure of the residue field F v and the last map on the right is injective because E v (F v ) is a torsion abelian group and E v [r ∞ ] is its r-primary part. The explicit description (see Remark 2.2) of the map κ shows that if ϕ ∈ Im κ then its image in
) is a 1-coboundary. Since all maps involved are injective one gets ϕ = 0 and E(L) ⊗ Q r /Z r = 0. 
where T is a torsion group. Since U 1 (L) is a Z p -module, one gets
The following two lemmas deal with torsion points in abelian extensions of function fields of characteristic p both in the global and local case. . By a theorem of Igusa (see [10] ) Gal(F (E tor )/F ) contains a subgroup isomorphic to an open subgroup of SL 2 (Ẑ (p) ). To deduce our claim as a corollary is just an exercise: for details see [3] . Lemma 3.3. Let K be a local field, E/K an elliptic curve and r ∈ Z a prime number different from the residual characteristic of K. Then
Before starting the proof, we recall that by local class field theory the group Gal(K ab /K) is isomorphic to O * K ×Ẑ (whereẐ := r Z r ) and the fixed field of O * K is K unr . In particular it follows that K(µ r ∞ ) is the unique Z r -extension of K and Gal(K unr /K(µ r ∞ )) ≃ l =r Z l .
Proof. The Weil pairing implies that
The action of G on the Tate module
If E has good reduction, then, by the Néron-Ogg-Shafarevich criterion, the representation ρ is unramified: hence G is a quotient of Gal(K unr /K) ≃Ẑ. In particular G is abelian: therefore ρ is reducible and its image is contained in Z * r × Z * r . The claim follows. If E has bad reduction, we can assume (replacing, if necessary, K with a finite extension) that E is a Tate curve. It follows that the image of ρ is contained in a subgroup isomorphic to the semidirect product Z r ×Z * r and the proof is concluded. For the other case fix a set of independent topological generators of Γ with γ in that set such that B <γ> is finite. Consider the exact sequence
Taking duals one finds an injection
and a relation between ranks
(because of the hypothesis on B). Therefore (B div /(γ − 1)B div ) ∨ is finite and, since Z 
Moreover since H n (< γ >, B) = 0 for any n ≥ 2, the Hochschild-Serre spectral sequence (see [13, 2.1 Exercise 5]) gives an exact sequence
By induction and the bound on |H 1 (< γ >, B)| one has
Lemma 3.5. Let L/K be a finite Galois extension of local fields and G its Galois group. Let E/K be an elliptic curve with split multiplicative reduction. Then
(where e is the ramification index of L/K). To conclude we mention the version of Nakayama's Lemma we are going to use in what follows: its proof (and further generalizations) can be found in [1] . Theorem 3.6. Let Λ be a compact topological ring with 1 and let I be an ideal such that I n → 0. Assume that X is a profinite Λ-module. If X/IX is a finitely generated Λ/I-module then X is a finitely generated
Proof. Tate parametrization yields an isomorphism of Galois modules
and X/IX is finite then X is Λ-torsion.
Control theorems for Sel
4.1. The case r = l. We are now ready to prove a version of the control theorem appropriate for our setting.
Theorem 4.1. The natural maps
have finite kernels and cokernels. Moreover, the kernels are bounded independently of n and, if Gal(F /F ) ≃ Z l , the cokernels are bounded too.
Proof. To ease notations, for any field L let G(L) be the image of
(by Proposition 3.1). We have a commutative diagram with exact rows
and we are interested in Ker a n and Coker a n . By the Hochschild-Serre spectral sequence one gets
By the snake lemma, this is enough to show that Ker a n is finite and bounded independently of n.
For Coker a n we need some control on Ker c n as well. Obviously Ker c n embeds in the kernel of the natural map
For any w|v n we have a map
and w 1 , w 2 |v n imply Ker d 
By the inflation restriction sequence
Observe that F w is a Z t l -extension of F vn for some t = t(w). As remarked before the proof of Lemma 3.3, the local field F vn has a unique Z l -extension and therefore either F w = F vn or F w = F vn (µ l ∞ ). Since in the first case obviously Γ vn = 0 and H 1 (Γ vn , E[l ∞ ](F w )) = 0, we are going to examine only those places v n for which the second possibility holds.
with A finite of order coprime to l. Let ϕ l be a topological generator of Z l inside the Galois group Gal(F vn (E[l ∞ ])/F vn ) and let F vn,l := F ix < ϕ l > (the fixed field of < ϕ l > ). Then, since E[l ∞ ] is l-primary,
working as in Lemma 3.4 (with d = 1 and B = E[l ∞ ] a divisible group), one gets
and eventually
Since by Lemma 3.3 we know that
shows that
as well.
4.1.2.
Places of bad reduction. Let R n be the set of primes of F n which are of bad reduction for E and do not completely split in F /F n . For v n ∈ R n , by Lemma 3.
. Therefore using Lemma 3.4 and working as above for Ker b n , one can easily prove that
is finite (and independent from w) by hypothesis. Therefore
which is again finite but not bounded independently of n in general. In particular note that if d ≥ 2 and v n ∈ R n then Gal(F w /F vn ) ≃ Z l and v n splits in infinitely many places in F . Thus the number of components in the product defining Ker d n goes to infinity and the sequence {Ker d n } n≥0 may be unbounded. If d = 1, i.e. F /F is a Z l -extension, inert or ramified primes split in finitely many primes in F so Ker d n stabilizes and Ker c n is bounded as well.
Corollary 4.2. In the setting of Theorem 4.1 assume that Sel
Proof. Let S be the Pontrjagin dual of Sel E (F ) l and let I d be the augmentation ideal of Λ d . The quotient S/I d S is dual to Sel E (F ) Γ l which is cofinitely generated (resp. finite) by the hypothesis and Theorem 4.1. Therefore Theorem 3.6 yields the corollary.
In the case of a Z l -extension we can prove that E(F ) is finitely generated. Proof. (More details can be found in [8, Theorem 1.3 and Corollary 4.9]) Let S be the dual of Sel E (F ) l : by Corollary 4.2 S is a finitely generated torsion Λ 1 -module. By the well-known structure theorem for such modules there is a pseudo-isomorphism
i : then rank Z l S = λ and, taking duals, one gets
By Theorem 4.1, for any n, one has
yields rank E(F n ) ≤ t n ≤ λ for any n, i.e. such ranks are bounded. Choose m such that rank E(F m ) is maximal and let t = |E(F ) tor |. Using the fact that E(F )/E(F m ) is a torsion group one proves that tP ∈ E(F m ) for all P ∈ E(F ) and multiplication by t gives a homomorphism ϕ t : E(F ) → E(F m ) whose image is finitely generated and whose kernel is the finite group E(F ) tor . Hence E(F ) is indeed finitely generated.
4.2.
The case r = l, p. The r-part of Selmer groups behaves well in a Z Proof. We use the same diagram of Theorem 4.1, only changing ltorsion with r-torsion points (since r = p we can still use Galois cohomology). The proof goes on in the same way noting that 
Control theorem for Sel E (F ) p
In this section we shall work with the p-torsion; so we need flat cohomology, as explained in section 2.2, and we shall follow the notations given there. As before, it is convenient to write F = F n with F n /F finite and F n ⊂ F n+1 . Proof. By the previous lemma with M = Sel E (F ) r one has
so this quotient is finite by hypothesis and Theorems 4.4 or 5.1. Then Theorem 3.6 yields our corollary.
In the corollary it would be enough to assume that Sel E (F ) r and Sel 
